correct oue 1o be used, T

There is a way to avoid

five-teir analysis. The i

in the analysis, and see 1

this proved feasibie, and
both the order and radius

To facilitate the writing
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hereiore, we will not purspe this further,

the cubic algebraic eguation derived frow zhe
dea 1s to 1inciude yet another additiomnali torm
f some cancellation becomes possiple. Indeed,

s0 we have a "six-tern" analysis for sclving

of convergence for a vair of conjugate polies.

of the equations, %e define twoc constants

5 2
CTR 3= 2 cos(® 10 = 2th/c .
~25 2
and BCS := 10 = {c/h) .
4e¢ also define five ratiocs
KE0 = Fi{wm),/Fi{n~-1) ,
ENT 2= Fiu=-1)/F{n~2)
RM2 = Fim-2)/F{m=3) ,
RM3 := F(m=3)/F(m=-4) ,
Ru4 = F{m=-4)/FP{n-5) .
We divide EG.L60 7 by F{m=-1) and divide fg.[61] by F(a~2)., hen written
with the constants and ratios defined above, these equations pecome
. 1 {m+2p-3) .
(#=1)*RH0 = (m+p=2)%¥CTE = =—-~dkm==—=oo-- , [67]
RCS ER1
. ‘ 1T (m+2p-i) .
and (m=2)%RM1 = (m+p=3)*CTR = =-=fewmm—e=b . [68]
kRCS R¥e
subtraction of Eq.{68 ] from Ee.[£7] yields
1 yfat+ep-3 E4Zp=in o
(n=1) *EM0 - {@=2)*R¥1 = (TR = ===X|m=mome « co-=-- . {69 ]
RCS L RH1 EmMz 4
Next, we repeat Eq.[©9] for the next lower 1ndex.
— 1 rutlpeh K+2p=54
{(=2) *RHT = {B=3) ¥EN2 = CIR = ===¥|=e=cem= - cee—e-| {707
’ BRCS + H¥Z E¥M3 4
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Eyuation{ 70} involves F{(m-#), which is in the denominator of kM3, This
means that a total of five teims of the Taylor serlies is used so far.

Subtraction of Eg.[70] from Eg.[69] vields

(1) ®*840 = 2{m=2)*RM1 + (m=3)*RH2 =

T ¢ m+l2p~4 L+ 2p=3 m+ 2p=54 )
BCS t RMZ Bt K3 4

Now, we define some grand constants,
NET := {m=1)*EN0 - 2{m~2)%ENT1 + {m~3)*HHZ
NEZ2 = {(p=2)*RM1 = 2(m-3)*%RNZ2 + (m-4)%KN3 ,
DR1 := - 1/EKNM1 + 2/RM2 - 1/RHM3 ,
DRZ2 := = 1/BM2 + 2/RN3 - 1/RM4 ,
DS1 = 3/RM1 - B/RM2 + S5/RN3

and DSZ = J/8MZ - B/RM3 + 5/RM4 »

Solving Eg.[ 717 for the order ., we obtain

RCS5*¥E1 - DS1 m .
p = mmmmmemmm—mae o e—e . 1721
2%DR1 2

Finally, we repeat Bg.[72] for the nwnext lower index, eliminate p, and

solve for BCS. The result is

5 1 NE1*DEZ = KNLZ%DR1 o
1077 = mmm = mmmmdm et e (73]
ECS DS 1*¥DR2 - [S5z*DE1 “?'}%;5 s g

fZquation{ 73] invoives all the Taylor series terwmws from F{m) to Flm=5),

thus tue name "six~term!" analysis.

From Fy.{ 73], we can obtain the radius ol convergence, #ith a known
radius of convergence, We can iind the order c¢f the poles from Eq.[7<],
and the elevation angle from the four-term analysis, Eg.[b4 ], this six-
term analysis is valid for poles of all orders, integer ané real, posi-
tive and negative, rational and irrational. {The author is indebted to
Mr, Manuel Prieto for smuch of the details in this derivation of the six-

term analysis, ]
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The six-term analysis is not the final word on the study of Taylor
series behavior. We have thus far only ioocked inte those functions that
have either a singularity on the real axis or a conjugate pair of singu=-
larities in the complex plane. In the next few sections, we will study
the effects of other functions on the Taylor series behavior. The other
functions may be secondary singularities or an analytic function. There
is also the need to understand the Taylor expansions of functions that

contain an essential singularity.

D. THE EFF&CT OF SECUNUDARY POLES.

The convergence behavior of the Tayler series of funmctions that bave
a single pole on thke real axis, or a single conijuyate pair of poles, was
discussed in the previous sections. ¥#e have shown that the terms of the
Taylor series follow easily recognizable paths in a sepi=~iogarithm plot
of the terms versus thelr index ({or order of differentiation). One can
quickiy giance at such a graph and cbserve the gresence o¢r absence of
poles in the function, whose series is plotted. This easy recognition
is not always followed by easy calculations. The general behavior of
the series terns readily manifest itself grapibically, because the graph-
ical information does not have to be accurate for comprehension. It 1is
a different matter when the same data is used for estimating +he ordcer
and location of the pole, or poies. In tnis section and the next, we
wiil analyze the disturbance introduced y other functions and secondary
poles. 4 secondary pole in the function 1s a siagularity whose distance

from the point of expansion is greater than the radius of couvergence.

Figure I1I-8 below is a graph of log(F{m){ versus w for conditions
similar to that for Figure III-6, with the difference Dbeing that there
is a conijugate pailr of secondary poles. The seconcary poles are at aa
angle of about 167 deyrees and at a distance of apbout 1.5 Rc. When tinis
graph is compared with that in Figure III-6, the effect of the secondary
poles is shown clearly by the points marked with diiferent symbols. The

first few terms show two effects. First, the phase angle between teruwms




is smalier in the first half-cycle than au  all the other half-cycles.
This 1s because the secondary elevation augie is swaller than that for

the
the
the

the

Log | F{m)|

primary pole, Secondliy, there is a separation of alteruate terms in

This is due +to a uifference in tvesidues for

It shouid be

tirst two hailf-cycles,

primary aund secondary poles. ncted tnat the effects of

secondary pole have dissipated by the 30-th term of the series.
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FIGUEE I11I-8, The Effect of Secondary Poles.

{Secondary at 165 degrees, b = 1.5 Rc,.)
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We wili now analyze the «effects introducedg by otuer runctions and
secondary poles. This analysis is concerued with errors in the radius-
of=convergencs calculation using the two=-tern and three-terw analyses.,
Pirst, we exanine the effect or multiplying the rupction £({x;10) by au

analytic function.

5\ Consider the furction

e g (x) .

e I(X) o s~ n pan ey - P 3[:.!4}
{x-a)
where g{x) is an analytic functiown in x. “JThe Taylor expansion for the
function f{x;74) has a recursive relation derivable from By.{13].

(=) F{m) %L {1} + {m+p~2)F{m-1)*U{L) = G{w) .4 [75]

\é‘*\" A

The recursive relation in Fq.{75] has been disturbed from Eg.[ 14 ] by the

o8}

ddition of G{g) oun the right~hand side,

— This additionai term, G{(w), is the m-th tere of the Tayivr expansion
for tpe analytic function, g{x}. We willi Jook at the Taylor serles Ior
two types of analytic functions, thosa” with a finite sength and those
with aw iafinite lengtha. The Téy;at series for polynomials are finite
in length. Therefore, for some mfiaiger than the degree of the polyno-
mial, G{m;=0, The recursive rgiation above i35 then back to 1ts original
exXpression, 1g.{ 14 j. This meaus that in converJence anralysis, wWe waut
to use a series length laﬁgér than nest polynomials encountered. 1f a
specified polynowial is very long, we simply &ust use an even longer
series. Should a truancated polynomial be acceptable as an  accurats
approximation for the full polyunomial, tuen we will wuse a truncated
polynomial shorter than our Taylor series. Otherwise, we will be soliv-
ing a wroiy problew. Therefore, when the analytic fuuction has a Tayior
series of finite length, we can either use a lowyer series, or truncate

the polynouial,

When the analytic function nas a Taylor series of infinite lenygth,
there %ill be unaveidable errcr in the rTadlius of convergence calculation

using the two-terw or three-~term analyses, Te study the nature ot this



RTIOL, %e return to analyze f£(x;74) in a dirfferent nanner. Cousider

L{x} = w{x3*g{x} , {763
where w(x) 1s the function of the pole
1
W(x) = mmme=-,
{x—a)p
The m=th term of the F-series is given by
F(u) = W) *G(1) + W{R=1)*G{Z) + ... + w(1)%CG(a) . [77]

Eguation[ 771 is siwply the modified Leibnity ruie written out loughand,
The relation petween W{(m) and W{m=1) is gyiven by the two=-term analysis,
Eg.[ 18], The sawe relation holds for ®{m=1}/W{nr~2) and all the other
adjacent pairs of terms in the ¥W-series. This means that the right-hand

side of Ey.{77] can be written in terms of W{k) oniy.

-1 a (=) {p-N1 a n-1q

f@) = v xfe () ¢ G2 =tme=(C) ¢ e v G mmammmsEsta BT gy

m+p=2 h (m+p=-2) 1 h

Similarly, the expression for 7F{m-1) 1is

» (@=2)! (p=1) ¢ a m=2 R
Fla=1} = H{m=1) %[G(1) + wu. + G(m-a;—f—-i~£%-~l~{~) 1. [79]
L (m+p=3)1 i 3

For couvenience, we define SUMNGM to be the entire sum in Eq.[ 78], and we
r

i
define SUMG1 to be the entire suw in Eq.y 79). Then, Eq.[78) and 2q.{79]

beaconma
Flw) = w{m)*SUHNGH
and Fle=1) = W {m~1)*30MG1 . [80]

Substitution of Eq.[B8U ] into Eq.{ 18] leaus us to the final result

b Fo{m) o= W{m) m=1 SUHGH A  SudGH
. m us we ww TT e o W W m wen  bn e e T s e e am e KR e e e s o o e e e T woom e R e e o ee om
He {est) F{u=1) mtp~2 Wi{m=1) m+p=-< 3UHG]T Rc sS0#G1H

Wwhen compared to the original two-term analysis, Eq.[18], the ex-

pression above has a relative =cror given by
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SUMGH -~ BUMG1H

I:é;idtiyg STrror = »-a—u-_n'-—mm——r-a—_ . 1’-81J
sSuuGt
The relative error given in Eg.[81] 1s depeundent on the order £ the

pole p, the lengtn of the Taylor series uw, and +the function g{x). The
error «¢ai be analyzed onrnly when the function g{x) 1is specified.

Conzsider the function g{x) = exp{~bx} as a representative examplie ot
ap analytic function with an infinite Taylor series. The exponential
function has an infinite series typical of all the analytic functions.

Its Taylor series expanded apoudt x=0 with an ipcrement. h 1s given by

i 2 3 3 4 4
b h

~b{X+h) D on b ou
e = 1 = bhERL A+ mmmm = meme— o m—— -,
24 31 il
The w~th term of this series is
m~1
{(=b*h)
G{) = =me—mee——
{w~1) 1}
Now, the sum SUNGH becones
_ i {m~1) L {m+p~i~1) 1} A= o
SUNGE = SUDe =======memmmme—eem—— (eg%]) , (627
i=1 {m~iji{m+p-2) 1 {i-1)!
and the sum SUWG1T is given by
m-1 {(m=2) L {m+p-i=-2) ! i=1 o
SUMGT = SUll, ====—=====emcsemeam——— {3 %p) . 1831

=1 A{m=i-1) Y(utp=-3) 1 {i-1)!

The relative error in the two-term analysis for any order p with an ex-
ponential g{x) can be obtained from the subtaituticn of Egs.{82] and {83 ]
into Eg.{81]. Simpler expressions are possible when p 1s given a vaius.

For sxample, for p=1, the relative error 1s

1 m=1
—mmmme (=g nD)
£2lative eILOr = ==  ===ecececc—se————-, - ; (84 ]
m=1 1 i=1 o

SUM, =r=—=—=— ("a*%})
i=1  (i=-1)1%
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This is an important and interesting result., It is the very foundation
for the validity of tae two-tersm and foul~term analyses when applied to
solutions of real=life problems, where anaiytic functiosns and secondary
poles apbound, It is interesting, because this error expressious is just
the convengence criterion for the Taylor expansion of g{x) if the radius
of couvergence, 4, is identified as the Taylor expausioa incremwent. So,
this error 1s e2qual to the ratio of the last term of the analytic series
divided by the value of the same function, waen the expausion incremeunt
ig the radius of convergence, If the analytic function is properly re-
presented by this series, then the radius of converdeace is accurately
determined. Basically, what 1is reguired is

{—~Rc* L) < uw=-1 .

If this inequality is not satisfied, there will be error in calculating

oy
o

the radius of convergence. If this inequality is reversed, it will

b
0n

impossible to calculate the radius of converyence. This latter case

[N
o)

what 1s refered to as a "stiff!" problem. MNore will be said on this

Chapter VIII.

The conciusion is: the accuvracy of the radius-~of~convergence calcu=~
lation is dependent on the convergence rate of the Taylor expansion of
the analytic function using an increment eyual to the radius of conver-
gence. Fiom a practical point of view, the meaning of this conclusion
is that we should use as long a Taylor series as possible in order to be
certain that the series of anadytic functions have converged with very
small remainder terms, This speaks for using very 1ong series lengths;
however, the computation time for the solution o¢f real-life probleas
increases as the square of the series length. So, we must find sone
compromise. This question will be discussed in the next Chapter. The

choice is to use 30-term Taylor series as the stancard.

The relative error in the calculatiou oi the radius of convergence

for other values of p is considerably larger., For p=Z, it is
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B 1
S 0. -—..-—.-w--»{ Ec*b)
. i=1 E(l z)’

]
o
i

[ ]

This relative error is several orders of magnitude larger than that for
p=1, Eg.{84]. Similarly, as we will show iu Figure I1I-10, the relative
error for p=0 is alsc orders of magnitude targer than the error for p=1.
Therefore, before calculating for the radius of convergence, one should
adjust the indices of the Taylor series +tfo change the order of the pole
to be close to p=1, This adjustment, or shift in the indices of the

series terms, can be accomplished by either

]

V{{m=-1) F(m)*{m-1) /h ,

]

or Vi{m+1) F{w)*h/m ,

=y
o]
(o]

where the V-series is the new series, apd F{m) 1is the criginal series.
This shift in indices can be performed as often as necessary to change
the order of the pole to be close to p=1l. The purpose of this shkiftt is
to take advantage of the fact that the radius of convergence calculation

is much more accurate when the order of the pole is close to one,
We now analyze the effect of secondary poles in the same mauner as

above. Consider the fuuction g{x) to be a funcrion with a pole on the
real axis, a "secondary" pole,
1
gx) = ==mem-o

(wa)p

The m=th term of the Taylor series for this function, at x=0 with incre-

ment h, is derivable from Eq.{ 18],

{m+p=-2) 1} h m~1  =-p ‘
G i T e - - e e - - . i 37
(m) (m~1)!{p~1):( ) {-b) Le7]

The sum SUMGHM becones

i . i
SUNGH = su?, -------------------------- {RCc /D) v (88)
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and the sum SUMG1 becomres

=1 {o=2) I {m+p=i-2) § {i+p~2) ! i-1 )
SUMGT = SUR, ====w==mreecm————e—e——e—ee——— (R0 /D) . (89)
i=1 (m-i-1) i {m+p=-3)2(p~1)ryi-1)1
The reiative error in the two-term analysis for order p with a secondary
pole can be oltained by substituting Egs.{88])] and {89] into Eg.[81].
For p=1, the ratios of factorials in all three equations above are equal
to one. Therefore, the relative error is
- m-1 .
e (Rc/ D) o
relative erior = =w—meeccoacmen- | {90]

B-1 i-1
sum. {Rc/b)
i=1

The factors in kg.[90 ) are identical to the factor in Ig.[87 3. So, the
relative error in radius of convergence is exactly equal to the error 1in
the Tayior approximatioun of g {(x). Therefore, the same conclusion given
above i1s valid for secondary poles as weli. The accuracy of the radius-
cf-convergence calculation is dependent on the convergeunce rate of the
Taylor expansion of the secondary pcle using ah lncrement egual to the

radius of convergence.,

The relative error for a primary pole of order p=< 1s much larger

than that for p=1. The expression is given by

Jul i(i=1) i=-1
SUiM, ======{Rc/hb)
i= m
relative @IrILOL = =~e=wwsemmcomsemcme——- [(91]
m=1 . i
su?. i{m=-1i) {Rc/b)
l...—;

Once again, the error in the two-term anaiysis 1s orders of wmagnituade
larger wpen the order of the pole is p=2. Therefore, it is advisable 1o
shift the Taylor series to change the order ciose to p=1. Some graphs
will be shown later to 1illustrate the behavior of the error under dif=-

ferent circunstances.

The error in the radius of convergence calcalation using the three-
term analysis is obtainable fror a similar developmeunt, First, we need

to define a sum SUKGZ just like those suwms in Eg.[80].
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Film=2) = W{m=<)*3UN¥G2

#e substitute Eg.{80] and the above into Bg.{ 233 and find

k (m) *SUNGH W {m=1) *SUNG1 h
‘mn --—Dmorfav—-ﬁ— - l } - -----.-.-q-a-.mm,,— = e - T o
Wo{m=1) *SUHGT W m=2) *50NGZ hciest)

Since W(x) 1s the primary-poie function, w& can apply Bg.{ 18] to the two
ratios #¥{w)/#{m=1) and #{m~1)/w{m-2) above, After some uw2ssy algebra,

this yields

T 5UHGE SUHG 14 h
r-v-———i‘;ﬁj (nl-{»?—z}nwna_ 4 (m‘fp—’})_—m—-i - -
rc ot SUMGT SUMG24 kciest)

An expression for the relative error can be obtained for fixed vaiues of

the order p. For p=1, the result is

(ge/o) " (o/b)

RC/D Kc/

relative error = - {@'2)“':‘”-*"*f" + {m=l) emmm e e, {94 ]
m=-2 o i=1 m=1 i=
sumn. {8c/b) suma. {R¢/b)
i=1 i=1

As we will se=e in the graphs to¢ be showsn below, the error as given in
the above expression is much larger than that for the two-term analysis.
Tuls sugygests that one should use the two~term analysis except when the
three-term analysis 1s absolutely necessary. The two-terw anaiysis can
be used to solve for an unknown order p ny shifting the series inaices

and iterations. This will be discussed further in a later sectioh.

Figure I1i-9 below is a plot of errcvis in tse calculation ol Rc by
the two-term and three-term analyses whei taere is a secoundary pois at
x=b, The vertical axis is the absolute value of the error. The hori-
zontal axis 1s the ratio of b/Rc, the distance to the secondary poie
divided by the radius of Couveigence. LAs expected, the error decreases
as the secondary pole is moved further away from the point of expansion.
Phe order of both primary and secondary poies is p=1 in tnis study, and
the length of the Taylor series is 30~terms. Errors in the two-terw
analysis are warked by "+",; while evrors 1in the three-term analysis are
rarked by "x¥, As mentioned earlier, the radius~ci~convergeuce calcula-

tion is wore accurate with two-term analysis than with three-term anal-
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ysis. T[he errcrs ih three-tern ahalysis are apout two to three times
larger than those in two-term analysis. &iso plotted in Figure III~-9 is
a line marked by "2", The errors indicated Ly that line are thkose for
primary and secondary poles of order two., These errors are orders cof

magnitude larger than those for p=1,

-4
10 + + X

{errori + X
X
+ ¥ three~-tern

10 + two=tara + X
+ X
+ X
+ X
~7 + X

L el B Rl B B R Rt I St

1.0 1.5
Ratio ({b/EHC)

FIGURE II1i-9. ©Errors in Ec, with Secondary Pole at x=b,.

{30~-terr Taylor series used)

It is evident frow this grapk that, Ior p=1, the accuracy is better
than 4=-decimal figures when the distance to the secondary pole is larger
than 1.3 times the radius of counvergence. Zven when the secondary poile
is as close as 1.1 timwes Rc, the accuracy is 2-decimal figures. This 1is
evidence for the validity and wusefulmness of the two-term analysis fcr
Taylor series with secondary poles, as in a real-life problem, when the

order is p=1,

Figure ITII-10 is a plot of the errors 1in the radius-of-converyence

calculation u€ing the two~term analysis ifcor variocus crders cof the poles.
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the orders of the poles are varied from p=( to p=2. 7Thnere 1is a sharp
minimum in the error when the order of the poles is p=1. Although the
arror is much higher for orders other than p=1, the calculation for the
radius of converyence is still guite accurate. For an order of p=1/2,
the error is less than 0.U08 percent. However, for an order of p=2, the
error is almost ten times larger at 0.5 perceant, Tasrefore, one should
use the shifting technique of Eg.[86] to obtain an order of the poles in

the neighborhocd of p=0 to p=1.
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FiGUEE II1-10. Frrors im ke, with b=1.5Rc, for Orders p=0 to p=<.

(30=term ZTaylor series used)




