
13

PROGRAfll I 1-1 • The ATS Furict, ion.

FUNCTION ATS(M.A.B.J)c
C 1'1 I S THE ORDER OF THE SUflll'lATI Clti., JUST AS I N E(~. c 11J •
C A AND B ARE THE TWO INPUT TAYLOR SERIES FOR THE TWO VARIABLES.
C J IS' THE HiDE).;: OF THE ELEfllENT OF THE A-ARRAV l~IHERETHE SUM BEGI us,
C THI S ALLOl,IS THE SUN TO BEGI ti AT I =J RATHER THAN 1=1.
C

DIMENSION A(I).B(1)
ATS = (1.
IFeJ. GT.1'1) RETURN
filA = 1'1 + 1
DO 10121 I =J.'fllL = MA - I
ATS = ATS + AeI·)*B(L)
f:£TURN
END

----------------------------------------------

FeM) = ATSeM.V.W.!) (12]

L.::lt.e~-·irl t.his. bClCI~':.., all the e>~F·t-·ess.ions.for- U-te r(tc.dit~ied Le ibru t.z r-u l e

!.',1ill be 1.,lr·i t.t.en i n t.he t~CIF'mClf" Eq. ( 12J to.at.het-· t.han Eq. ( 11J •

In t.he c as.e of" d i I.} i 'E·i on C.F·et-·at. i or» lJs.e of' t.he modi f' i ed Le i bn i t.z r-u1e

i '::. on 1'::1 s.I i :3ht 1'::1 mor'e cClrftF·li C at.ed t..han t.he abo',.'e. Cons i der- t.he qlJCit.i ent

To r·e·E.c.l'.)e U-, is. f"unct t or» 1,.,Iemu 1t. i pI':! bClt..h S. ides. b,=,

1,•.1 (::{ ) .:1lnd find t..he pr·oduct.....1C >:: ) *'f C x) = 1,.1(x) •

mW(l)*F(m) + sum. Wei) FCm-i+l) = VCm) •
i=2

[13]

mV(m) - sum. W(i) FCm-i+1)i=2
[14]F(m) = ---------------------------

t.,l( 1)

t.iorrs of' t.h i s. .r-ecur-s iI.}e r'e 1at. ion. Th i '::.is t,he es.·:;ence of' ,:1lut..omat.ic se-
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FCM) = CUCM)- ATSCM.W.F.2»/WC1) • t 15J

t.,ll'"·i t,t.en t-.!i t.h t.he ext.r·a i nde::-=:clf j.- 1.,lhi ch all 01,..1':. l' or' f..he s.um t.o be:3i n

e,f t..he j-index in t..he di s.cuss ion e.n indet.er·minant .. f·or·TfI':.and L·~HCIS.F·it.a l

r-ul e ,

1.~le mu,:.t..r'eco:3nize t.he anal'::Iz-

Then.- t..he m-U-, der·i',.I.:.t.i',.'ecan be wr·i t.t.en as

m-l
2*FCl)*FCm)+ sum. FCi)*FCm-i+1) = UCm) •

i=2
[:16]

Solving Eq.(16] for FCm). we obt.ain

m-l
UCm) - sum. FCi)*FCn-i+l)

i=2
[ 17JFCm) = -------------------------2 F(1)

E<=iuat..ion(17] can be L~s.edt.o find t.he r'edLJced det··hJat..h.1esof t.he s.'=iuar·e-

r-oot, f·unct. i on beeau·:.e·a11 the 1ower'- i ndex t.er·ms Qf' F( i ) ,- FCm-i +1) .- and

In a FORTRAt·~F·t-·O:3r·amu-:.ins t..he ATS 1~I_Jnct..iQn.-FORTRAt-Is.t.at..ement.·:. needed

t.o perfQrm Eq.[17J are

(18J

The ·:.t..at.ement."FCN) = (1. II i ,:. needed bec'ause t.he ·:.umt'l.it.rn n t.he ATS f'unc-:

t. ion ,:.1t,•.!a-::I':.r-uns fr·ctTt·, t.he i nde::-=:j t.o t.he index m.

C .:t':,e.' F0'1) i s. un~<.nm..tn on t.he r-ish+...-hand side.

In t.his particular

Simple Implicit. Funct.ions

Lt. is. del.)eloped for'om

t,he need t.o di f·fer·en+..,i.:.t.et.he F·r·oduc·t.of' a f'L~nction and t.o di f·f·er·ent.iat.e
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where ~ = sin(ax). From calcl~lt~-=... the f"irst. der·h,'at.ive of" f"(::.::) is

(29J

E21J

Fr-om th i,;. PO i nt... t.her·e ar'e t.wo dif"f'et-·ent. aPF·r·oac·he·st.o t.he e',.'aIuat. i on of'

t.he hi :9her·-ot-·det-·der- i ',}at.i ves.

and 2(1):= Y(2)/H • [22]

ha·...•e the 'same f'or'm a~. t.he mod i fi ed Le ibrri t.z r-ule ..E<=!. EI1J.

and [23J

Of COut-·-=·e,it. should be noted that the ~.hif"t. in index f'r-om t.he F-ar·t-·a~

t.o f..he (j-ar'r'a'=, and f"r'Crri'U-Ie Y-aty·.;s~ to the Z-ar'r'a~ i~. cat-·t-·ied f..hr·oushout.

a11 U-,e i ndiC'e~·of" t.he. Ta':iIor- ·:·er·i es t.er·m·s

(24J

The ~.econd aF'F'r'oach t.o t.he aut.omatic dif·f·er·ent.i at i on of' +..t-, is f"LJrlCt.ion i~.

t.o fI nd f..he highet-·-or·der· der·ivat.ives b~ a small mCldit~iC'at.ion Clf"Leibni t.z

t.et-·flr;.in Eq. (21J ar'e f'ound t.o be

and
m

m*F(m+l) = sum. (m-i+l)*F(i)*Y(m-i+2)i=l (25J

E-=iLJat.ionC25] has. been l,lt-·if..t.en t nt.o a ·;.fi•.;sll FOF:TF.:At·~'funcf..ion ·;.I..JbF·r·osr·am

called f..he ATT f·I.JrIcf..ion.
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PROGRAI"1I 1-2. The ATT Funct.t ori,

FUt·4CTIONATT(j\l ..A, B, J)
C
C 1'1 IS THE ORDEROF THE SUj\ll'lATION.
C A AND B ARE THE n..•o I t-iPUT TA'.•.•LOR SERI ES FOR THE THE 'JARIABLES.
C .J IS. THE I NDE~(:OF THE ELENENT OF THE A-ARRAV lJHERE THE SUl"l BEGI NS.
C THIS ALLOWSTHE SUM TO BEGIN AT I=J RATHERTHAN 1=1.
C

DINENSION A(1).B(1)
ATT = 0.
IF ( J. GT• 1'1::0 RETURN
1'1A = 1'1 + 2
DO 100 I =J .'1'1
L = I"1A- I
AL=L-1

100 ATT = ATT + A(I)*B(L):f:AL
ATT = ATT.....l'l '\ .....r•.i1 - 1-
RETURN LEt-lD M.~"2..-

the t.et-·m "*AL " in t.he 'E:.UbF"F·OSlF·am abo',Je is" * (m- i +1) " in Eq. [25 J • The

dio ia iori b'::l "1'1" Jl~S.t. bef'oF'e "RETURN" in t.he SUbF'F'oSlF'am is F'equiF'ed b':1

t.he ":+:1'1" on U-Ie 1ef·t.hand side of" Eq. C25]. In a FORTRAt-lF·F·oSlt-·am..Eq. [25J

[26J

The·:.e f"unct..ion S.UbF·F·oSlF·ams..ATS and ATT, aF'e t.he f'oundat..ion ·:.t.clne'E:.

f'or- t..he aut.omat. i c sequent. i .:;,1 d i f'f' eF·ent.i at. i on of" a 11 ana 1'::It.i c f'lmct. i orrs, •

The t-'eadeF' wi 11 find in ApF'endi>~ A all t.he F'eC"l~F'sh,'ef'c'F'r(ll~lae t~OF' .a11

common1'=' used ana l'::lt.i c f'unct. i oris.• The f' or-mu 1ae aF·e l~F'i t,t.,.en in FORTRAN.

SUBROUTINEEXPY(X,H.A,F)
DIMENSION F(100).V(100)cc ~< = HHTIAL 'JALUE

C H = I t·4CREl"lENT
C A = COEFFICIENT
C

ASGJ = A*A
HSQ = H+:H
'/( 1) = SIN(A*~'::)
F( 1) = E~<P(Y ( 1) )
v (2) = A*H*COS(A*~<)
F(2) = F(1)*Y(2)
DO 100 1=2..99
IA = I + 1
IZ = 1- 1
Y(IA) = - Y(IZ)*ASQ*HSQ/(I*IZ)

100 F(IA) = ATT(I.F.V.l)
RETURN
EHD
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The abol.)e is. a shot-·t. subr-out.t ne f'or- evaluating f..he Ta'l:l1or' ·:;et-·ie-::.ter'ril'::.

f'or- the ·funct. i on f' (::·0 = e}~F'(,;.t:>.,wi t.h 'l:l = sin ( ax:>• This s·ma11 FORTRAN

s.ubFros:ft"'amcan be in-::.er·ted into an'l:l pr'clsr'aril wher'e all the Ta'l:l1or- ter'ms.

of this particular f'unct.ion is desired.

t·~e>~t.., we •...•i 11 ana l';.tze the aut.omat i c di f'f·er·ent.iat. i on of" t.he f'Lmct ion

f'(::<) = In(9)., •...•her·e 'l:l = sin(a}~). The f'ir'st der·i...,at.i'.,.Jeof' t..hi .::.t~unC't.ion

i ':,

,.'

.-
[27J

'00' r-» ')
J •••• ~ • [28J

.and
m

m*Y(l)*F(m+l) + sum. (m-i+l)*Y(I)*F(m-i+2) = m*Y(m+l) •
i=2

[29J

m
m*Y(m+l) - sum. (m-i+l)*Y(i)*F(m-i+2)

i=2
F(m+l) = -------------------------------------Y(l)*m

[30J

C
C ;<; = It~I TIAL tJALUEC H = INCREMENTC A = COEFFICIENT
C

ASG!= A*A
HSO= H*H
'.•.•( 1) = SIt-t(A*;·:;)
F(l) = ALOG(Y(l»
'.•.'(2) = A*H:+:COS(A*;<:>F(Z) = Y(2)/Y(1)
DO 100 1=2.99
lA = 1 + 1
1Z = I - 1
'.•.•.::1A) = - 'Y( IZ)*A*A*H:+:H/( I*IZ)

1(1(1 F( IA) = ('l ( I A)· - ATT( I .'V. F. 2) ) /1..1 ( 1)
PETUF.~t~
EHD
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inde::< .j besin':. at. 2 in t..hi,:. examF'le Jus.t. as it.. did in t.he S.ql~ar·er-oot, of

,:s f'un.:·t.i ern. Tbus. t.he i nde)~ J does need t..o be ot.her- t.han one at. t. i mes.

l.tle 1••.1 i 11 exami ne U"I i·:. mm-'e c1clse1'::1 in the di SCLJS.·:.i on on i ndet.er'mi rlac i es

ina 1.:st,er·':.ect. ion.

of ':.iTflF'le f·unct. ions. and cIF'er-at,i ens ~ ccris i der- t.he funet. i on f ()~) = )::**'::1.'

1,•ri t.,h '::I = ':.in( ax>,

..' '::1-1 '::I d'::l ( '::I ..':>
r (>~) = t;l:+e){ + .... In(:>~) = f()~)*: --- + In(.::-O*'::I I [31 J.-, I

dx ( ." ").-,

In t.et-·m·:.of t"'educed der- i ',.1at..i 1·.Jes.'Eq. [31 J beeclmes

U(2):= Y(1)*W(2) + Y(Z)*W(1) • (32]

The l.•.I-·funct.ion in Eq. [32] is t.he nat..ur·al losar'ithm f·unct.icln., L,..I'~::·::)=ln(::{)..

and its, t"'ecursive r·elat.ion wa,:· siven in Eq. [9] abclve.

is i filF"ot"·t.ant.in U-, i s .:.na1'::IS.is.

ed 1".1i t..h r-ecur-s, i '.Je r-e 1at. ions., it. is i rilpor-t.ant. t.CI r'ecc,snize other' r'ecur--

s i ',.Ie t-'elat. ions wi t.h in t.he 1ar·set-· pr'ob 1ems.

f'(::-~:>ar·e f'ound t..CIbe

m
m*F(m+1) = s.Urfi. (m-i +1)*F( i :>:f<u(m-i+2)

i=1

and
m

U(m) = sum. Y(i)*W(m-i+1) •
i=1

[33]

f'unct, ion f' (x) = >~**'::I.,I.,.her·e'::I= s.i n ( ax ) iss i 1•.Jen in Pr'osr' am I I -3.

Th is. comF"let.e':. t.he discus.s.icln concer-ru ns t.he aut.clmat..ic s.eqlJent.ial

diff' et-·ent.i .;st..i on of' ,:.i mF·le func·t. ions and oper'at..Loris.• The reader should

Lool-, .:.t..ApF'endi x A f'or' .:. cClrflF·Iet..e 1is t.. of r·ecur·'S:.i ve r'e 1at i errs (1.,lr·i t.t..en

in FCIPTPAH:>f' or' all t.he c-ommon 1'::1 l~s.ed ·:.na1'::It..i c t~unct.i orrs and s.omedi f'f i -

cu 1t. f'unc-t, ions.
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s.in(ax)
F'ROGRAI\1 I I -3. 0 i 1'1'er·ent. i at. i on 01' l' ( x) = x

C
C x = INITIAL I)ALUE
C H = INCREMENT
C A = COEFFICIENT
C

B. Seql~ent.ial Di1'f·er-ent.iat.ion of' ComF·licat.ed Funct.ions .•

1.•.Ie beS!in t.r.i -:i.sect· i or, b,=,ana 1,=,zi nS! U-Ie d i 1'f'er·ent. i at. i or. of' t...he Bes ':.e I

t'unct.i on of' t.he 1'ir·s.t. ~<.ind~J (>~). The aut.c.mat.ic di1'f·er·ent.iat.icln of' t.he
n

hisher' t.t-·ans.cendent.al 1'unc·t.ions (-s:.uch as t.he Bess.el 1'unct.ion) is obt.e i re-
ed t.ht-·oush t...he di 1'f·er·ent.ial equat.ion t...hat. S!ener·at.es t.he F"ar·t.icular· 1'unc-

t, iorr• Be':,·:.e 1..' s. e·=Iuat.i on is

2
2 d l' d1' 2

>( *--- + >~*-- + (x
2 dx

2
n )*f' = 0 • (34J

Ther-e at-'e at. Ieas.t. t.wo . di 1'f·er·ent. wa,=,st.o obt.ain t.he Ta,=,Ic.r set-·ies t.er·ms.

d i t-·ect..met..hcrd. The second met.hod trwo l ••.•es t.he hand-di f·1'er·ent.iat.ion 01'

n". i ':.ind i r·ect. met-hcld '='i e 1ds a r'ecur's i I,}e r'e 1at. i on t...hat. r'equ i r·es. bot.h 1es.s.
s.t-m-,.:.se-:i.pace and C'OfiIF·ut.at.ic.nt.irfle t.han t.he dir·ect. met...hod, Bot_.hmet.hods
1.,1i 11 tee d i sC''-~s-s:.edi n t.urn.
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Bessel Func-~ion (Direc-~ Me~hod)

We define ~hree auxiliar~ variables

df
z(::-::): = >~ I.)()~):= and w(::-~):= [35]

The ne::d.. st.eF· is. t .o f'ind ~he r'ec'ur'si'y'e r'ela~ions for' each of" t.he~.e f'unc-:
t.rorrs as •.•.Iell a~. t..he r·ec-ur·~.h}e r·elat.ions1'or· x and f. The t-·ec-ut-·s.h,'e

r·elat.ion 1'01'"x is. ::liven b~

~o(:(1) = v•••• ,.J )1:(2) = h for- i > 2 [3EI]

The recursive rela~ion f'or z(x) = x**2 is ::liven b~

and Z(i) = 0 ~ 1'or i > 3 [37]

III' . ').....1" ld( i)
, .. i:'hi+1)= F~1+2)*-------

. h*h
[38]

E-:I1.~.::.f..ion(38]-:;.how~.t.hat. ~he t.wo au>d 1iar'~ 1'unc-t.iclrlsI"" and ~t,I ha'Y'e ar·r·a~~.
f..hat. ar·e .:.i rilF·l':::!s.hi 1'~ed b':::l one and ~wo i nd ices.. resF·ect. i ve 1~ f'r'om f..he F-

ar·r·a':::!. The f'ac~clr'~' i and ( i +1) rilU-:;·~ be i nc 1uded bee ause t.he f'act.or- i a 1;.
ar'e inc l uded in t.he r'educed der·iva~it..,'es, -:;.0 ar'eo ~he f.::tct.or·-:;,hand h*h.

In t.er·ms. of' t-'educed der·iva~ives., Eq. [34J beeCirfles.

~<.
+ sum.

i=1
~<.

+ sum. Z(i)*F(k-i+l)
i=1

2
n *F(k) = 0. [40J
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E"'Iuat.ic.n(40J can be solved f'or- f..he un~.nol.•Jn WOo(,)as

- ATSCK.Z.F.1»/ZC1) • (41J

PROGRAI'111-4. Bes.sel Funct.t on Det-·hJat.i'-Jes. CDit-·ect. 1'1et.l-,od).

SUBROUTINE BESJD(N.X0.F0.DF.H.F)
DII'1ENSION X(100).F(100).Z(100).V(100).W(100)
REAL N
DATA Z/100*0./

C
C ;<0 = INITIAL VALUE FOR >C:.C F0 = INITIAL VALUE FOR THE BESSEL FUNCTION AT X0.
C DF = I NIT I AL SLOPE FOR THE BESSEL FUNCTI ON AT ;-':0.
C N= ORDEROF THE BESSEL FUNCTION.C H = INCREMENT
C

CC THE ABOVE ARE NECESSARY INITIALIZATION STATEMENTS.
C

1)( 1) = F{":') ''H
DO 100 1<~3~i00
I<Z = K - 1
~::'-/= 1< - 2
~.:'{f-:"', - 0
i.~i(f-:::i:,J)- = ~:F(I<Y):ofiNSQ- ATSCI<Y.Z.I...I..2)

A ATSCKY.Z.F.1»/Z(1)

THE ABOVE STATEMENT IS EQ.(41J.

ATS(KY .•X.U. 1)

C,-.
'-'C

ccc
c

I)(!(Z) = WCKY ) *H..''I<•.•.•
1(1~) F (1-0 = I) ( f-:~Z)*H.·'·KZ

THE F-ARRA\·JCONTAIt..jSTHE FIRST ONE HUNDREDTERI'1SOF THE TA',,'LORSERIES
FOR THE BESSEL FUNCTION.

RETURN
Et·4D

F't-'o::lt-'am11-4 is. f..he FORTRANPr'o:Sr'am f'or t..he e',Jaluat..ion Clf' t.he Ta'::llm-'

·:.et-·ie·:. t.et-·fil':. 1"01'" t..he Bessel f'unct..ion accordin:S t.o E-C1.[41 J. Since t.his

t-·ecut-·s.i'•.'e r-e l at.t on lo.las der·i' ..Jed fr'om a second-or·detoO
• di f·f·er·ent.ial equa-

t.i cr, .. tlo.10ini t..ial values ar'e needed. The'::! ar'e t.he 'Jalues of' f' and df'/d>~

at >::=>~0.
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Bes,·:.el Funct.Lon (Indir·ect. Net.hod)

We will next. discuss t.he indirect. met.hod ~or t.he same t.ask. This is

mot-'eeff' i c i ent.. This so 1L~t.i on of Bess.e 1.'s e·=iuat.i c.n t-'eqL~i r'es fnc.r·ewc.d<,
on f..he par·t. of f..he anal,=,st./F·r·osr·ammer·., but. t.he r'esul t. is ef~icient. in

COrilF·L~t.er··:.tot-·ase space and comF·ut.ation time. We r·ewr·it.e Bessel'" s. equa-
t.ion in t.erms of reduced derivat.ives wit.h z(x) si~Jen in Eq.[37J. The

r'eSL~1t, i·:.

2*1Z{l">*F{""\)*--- +... .._. 2
h

1x ( 1:> :i<F( 2 ) :+:---r, [42J(I •

The f'ac-t.or-s II (2* 1) /h**2 II arid II 1/h II in the f i r-s t. t .•.•.'c. t.er·ms ar'e needed

bec·aL~-:;.et.he r'educed der·i'.,,'at.i'.,Jes cont.ain ~act...or·ial funct.ions .:md F'C!l\ler's

of h. I.oedi f'f·er·ent.iat ..e., r·eF·eat.ed1'::t wit.h r·esF·ect. t.o x , f'unct.ic.n·:. r·epr·e-
-:;.ent..edb,=,t.he ter·m-:;.in E'Cf. [42J. Af·t.er· t.he second di ff:er·ent.iat.ic,n, t.he

t-·e·:.ult.ins e)~Pt··ess.ic.nbecomes t.he seneral r·ecur·sh.'e t-·elat.ion becau-:;.e Z(4)

i s zer-o, Then~ •.•.te '.can so Ive l'or- F'he un~<.nol..•n in t.he sener' a1 r-ec-ur-s i ',.'e

t-'el.;:st.i on .;:sndcOfilF·1et..e the aria 1'::IS. i·:.•

2
h h 2F(3) = - F(2) - F(!) (x

2
n ) (43J

2

t·4e::d...' t.he f·ir·s,t. det-·i'.,Jat.ive wit.h r·es.F·ect. t,o x of' t.he funct.ions. r·epr·e·:.ent..-

ed b';:l t.he t.er·fft-:;.·in E"=!. (42] ,=,ields.

3:+e2
Z(1)*F(4)--~ +

2
h

2*1
Z(2):.fcF(3)--- +

2
h

2
~:(1 ):-teF(3)---

h

--.~
+ Z(1)*F(2) + Z(Z)*F(l) - n·*F(Z) = (I • [44J

Sol·...•ins Eq. [44) fc,r' F(4) .. we obtain

F(4) = hF(3)---
x

[45J
hF" 1 '1----... " 3>~



The second der' i Iylat.i •...•es with r·esF·ect. to x of the func·t ions t-·eF·r·esent.edb,=,

t.he t.er·m·:.in Eq. (42] '::lIields ttle expr·es<,:.ion

..,.....'
+ X(1)*F(4)--- +

h

.-.
4

+ Z(3)*F(1) - n *F(3) = 0 • [46J

Sol•...•ing Eq.[46J for F(5)~ we obtain

F<5) = 5h
F(4)--

4>(

2
h 2 2

F(3)----(x +4-n )
2

12x

3
2h

F(2)---
12;<

[47J

4
h

F(l)-----
2

12>(

Eql~at.icln[47J is the gener'al r·ecur·si •...•e r'elation f'or- the Bes<,:.el't~unct.ion.

When wr-it.t.en 'for' t.he h-t.h Ta'::llior' <':.er·iest.er·m., Eq. [47J bec()ri,e<,:.

(2~,-5)h
F(~,-1)--...,..-----

0<,-1 h(

2
h 2 2

F(h-2)------------(x +h-3-n )
2

(~,-1)0<.-2»(

3
2 h

FCk-3)-----------
(k-1) 0<,-2»(

4
h

F(h-4)------------ ~ for k > 4. [48]
2

(~.-1) 0<.-2»(

The ca<,:.e x=0 is F·ar·ticular·l,=, simF'le and will be discu<,:.s.ed lat.er· in f..he

·:;.ect..i eon on L..,HOSF' i t.a1 r-u1e.

F'r-'09t-'amI 1-5 i,;:, f..he FORTRAt-.lF'r'oSlr'amfor' t.he e",Jaluat.ion of' f..he T.",,'::!1clr·

set-·ie·:.t.e-r·msf'or- t.he Bessel func-t.ion accor·ding t.o Eq. (48]. Ttle 8e<':.<':.e1

f'uric-t, ion of a deF·ender,t. 'Jar'i ab1e .' .J (,=,) wi t.h ,=,=,=,(x).' ~..•i 11 be ana1'::!zedin
n

t.he sect.ion on implicit. cOMPlex funct.ions.
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PROGRA~111-5. Bessel Func-t.ion Der·iJ...'ative-s. (Indir·ec-t. ~1et.hod).

SUBROUTINE BESJIM(N,X0,F0,DF,H,F)
I)I~1Et-iSI(It-l F( 100)
REAL N

C
C ~<:~;:1= I NIT I AL I-JALlIE FOR x,C F0 = INITIAL VALLIE FOR THE BESSEL FUNCTION AT X0.C DF = INITIAL SLOPE FOR THE BESSEL FUNCTION AT X0.
C N = ORDEROF THE BESSEL FUNCTION.C H = INCREMENT
C

t-lSQ = N*N
HSG!= H*H
A = H/~<:0
B = H:~A/~<:0
C = 2.*HSQ*A
D= HSQ*ASQ
G = ~<0*~<0- NSQ - 6.
F(I) = F0
F(2) = H*DFc

C THE ABOVE ARE NECESSARY INITIALIZATION STATEMENTS.
C

CC THE ABOVE STATEMENT IS EQ.[43J.
C
c
C THE ABOVE STATEMENT IS EQ. [45J•
C

DO HK~1<=5,100
I<Z = I< - 1K'i = I< - 2
t-~~.::= ~~- 3
Kl~1= K - 4
PI< = 2*1< - 5
GI< = 2*1< + G
RI< = I<Z*I<V

10(1 F(!O = - (F(I(Z)*PI<*A*I<C + F(I<'y')*B*GI< + F(I<K)*C + FO(lt.!)*D)/RI<
C
C THE ABOVE STATEMENT IS EQ.[48J.
CC THE F-ARRAY CONTAINS THE FIRST ONE HUNDREDTERMS OF THE TAYLOR SERIESC FOR THE BESSEL FUNCTION.
C

RETURN
END

The Er-r-or- f·lmc-t.ion is per·haps one of' t.he bett.er· ~<.not•.•n "highet-· tx·.:m~.-

cendent.al" f·unct.ions. It i-s. def"ined as a def"init.e integr'al

er'f"()~)
2= --i-r2

pi
[49J

(x 2> eXF·(-t ) dt.e
2= --i-r2

pi

(x> f(t) dte
t•.Ihet-·ef·(t.) = e)~F·(-t.**2) .• and F·i = 3.1416 ••• The sequent.ial di ffer-'en-
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(
s(~):= : ~(~) d~ •

)

Then ~he Er·r·or·~unc~ior, can be wr·it.~en a.••·

2 (50Jer~(x) = ----- {s(x) - s(0)} •
1·,..-,, ..:..

pi

Next.., loJee>~F'and a Ta':llor' ser'ies f'or' s(t.) abc'L~~ ~he F·oint. t..=0 1.,lit..h an
increment.. of" x • Thi sis uncort'...·en~i ona 1 but, nece .•...•.·ar·':Iin or-der- t.o obt.a in

s(x) beloloJ.

2 .-, 3 3Jl..

d ·s(0) d s(0) x d s(0) ..,.--
9(::<) = s(0) + --..;..---*>~+ ------ + ------ + ... •dt. 2 2! 3 ..•.. ,

oj.

d~ dt,

[51J

Hences

00
S(X) - 9(0) = sum. G (i)

i=2 ~
[52J

wiU-, x beins ~he incr'emen~ in~. The subscript. "L" on ~he G-at-·r·a':.li .••.t.o

indica~e ~ha~ ~he reduced deriva~ives are ~aken wi~h respec~ ~o~. This
is nece .••.s.ar·'::Ibecause we have in t.his anal,=,sis reduced det-·ivat.i'...'es~t..a~~.en
bot.h loJiU-, resF'ec~ t.c. x and •...'i ~h resF·ect. to t., Corrt, i nuins, et-·f·(>~) is

2 00
er·f·(x) = ----- sum. G (i)

1/2 i=2 t
[53]

pi

5 i nee s ( t..) i s ~he i nt.esr·a 1 c.f· f'(t.), the r'educed der- i vat. i ves· l,'iU-, t-·es.F·ect..
t.o t.. of' s(~) are sil,.·en ir, ~er'ms c.~ t-'educed der·i vat..i'.)es.•...'it.h t-·es.peet..t.o t,

o~ ~(t.) in a simple manner.

G (2) = F (1)---
t, t. 1

xG (n) = F (n-1)-----
~ t.. n-1

[54]

2 00 [55]er·f·(x) = ----- sum. F (i )---
1/2 i=1 ~ i
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In t.he above developmen~, we have ignored conversence questions because

f..he et-'r'or' f·unct.ion has an es.sen~ial singular'i V::I at inf'ini t.'::!.

ins of ~his fact will be made clear in Chap~er III.

The mean-

The first deri~Jative of erf(x) with respect ~o x (using Eq.(54]) is

sil ...len b'::!

d 00
er'f()~) = C s·um.

dx i=2

d 00
G (i) = C sum. F (i) = C*f'(x) •

dx ~ i=1 t
(56]

Then,

of erf(x) are given b'::!

h
ERF (2) = C*F (1)---

x ::.~ 1
h

ERF (m) = C*F (m-1)-----
x )~ m-1

(57']

hie- hai,Je t-'educed t.he corflPIicat.ed F'r'oblem clf'"e"'Jaluat.ing t·he det-·i'Jat.i',Je·:;.Qf'

erf ( >~) t.o the much s i rflPIer- F'r'clb1em of' e',Ja 1uat, i ng t.he der- i vat. i I,.'es of" t.he

e:>::pclnential functions, eXF'(-)~**2) and eXF·(-~**2).

In or-der- t,o eva 1uate ~he der- i 'Jat. i 'Jes of' ~he Er'r'or' f"'unc~ion .. t•.!e de-

fine an auxiliar'::! func~ion, v(x):= -x**2 also v(t):= -~**2. Then

1.)( 1) =
"')
:,*"

a .' 1)(3) = 2
h and ·U(4) = 0 (58]

i nct-·eTilent.h.
r-educe-d der·h.la~ives. of" v(~) I,..li~h r·es.F·ect.t.o ~ at. t.he F·crint. t·=0 l.o.li t.h .an

increment. of a. The'::!are

1)( 1) = 0 .' 1.}(2) = 0 t.}(3) = 2
a ,and U(4) = 0 . (5';3]

dif'f'er·ent.i at. i on of t.he fl~nct.ion f{······)=........ e::{p('.}) has

been ana 1'::Ized 1.,1 iH-I t.he r·eS.l~1t given in Eq. (25] above.

F(1) = exp(U(l» , F(2) = F(1)*V(2) ,

(60]
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Equ.at,i,::.n[60J can be lJsed t.o f'ind t.he r'educed der'i'y'at,ives, of bot.h f(>~)

and f' (t.) • Thcls,e of' l'();:)ar'e needed in Eq. [57) and thos,e of l'(t, ) ar'e

nEoeded ire Eq.[55].

and of I.) ( t) r...1 i t.h r'esF'ect, to t, ar'e 9 i ',,'en in Eq. [58 J arid Eq. [59]., r'es-pec-

t.il.)e l,=,.

PROGRAl'lI 1-6. Di ff'er'ent. i at. i on of t.,he Er-r-or- Funct, i or» er'f (x) •

SUBROUTINEERFX(X0,H,ERF)
DII'lEt-lSIOt-l ERF( 100)" F( 100)

C
C X0 = INITIAL VALUE
C H = It-ICREMENT

C: = 2. /"SQRT( 3. 1416>::>C:~(:~(:~<:~(:>::~.c:~<:>(::>
cC USE EQ.(55J TO EVALUATE THE ERRORFUNCTION. FOR THIS EVALUATION, THE
C ONL·.•.•HON-ZEROELEI'1ENTIN THE V-SERIES IS 1)(3)
C

'....13 = - ~<:0:~)<:0
F(l) = 1.
ERF(1) = F(1)*X0
F(2) = 0.
ERF(1) = ERF(1) + F(2)*X0/2.
DO 100 1=3,100
ZI = I - 1
IIi = I - 2
F( I) = F( IV)*IJ3*2. /ZI

100 ERF(l) = ERF(l) + F(I)*X0/I
r:C THE ABOVE PORTION OF THE PROGRAMIS THE IMPLEMENTATION OF EQ.[55J.
C ALTHOUGHTHE EVEt-l..•.TERl'lS OF THE F-SERI ES ARE ZERO., THE PROGRAl'lISC WRITTEN IN FULL FOR THE SAKE OF CLARITY, AND UNDERSTANDING.
C
C BEGIN THE EVALUATION OF THE DERIVATIVES OF THE ERRORFUNCTION,C USING EQ.[57] IN CONJUNCTIONWITH EQ.C58] AND EQ.(60].
C

CC THE ERF-ARRAY CONTAINS THE FIRST ONE HUNDREDTERMSOF THE TAYLORC SERIES FOR THE ERRORFUNCTION, ERF(X).
C

RETURNEt..j()

F't-'09r'am 11-6 can be used t.o find all t.he Ta,=,lor' ser·ies. t.er·rIIS.f'ctr' f.,he

eFt-'m-' hmc·t.ion., er,f(::<). Seqt.Jenf..ial di f'f'er·ent.iat.ion of' t.he en ...-or- f'lJnc-

t.i on i·:. c'bt.ained f'r-om Eq. [57] in c·on....iunct..ion l"Jit,t"! Eq. [58] and Eq. (60].
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The Er·r·or·Funct.ion.. er·f"(y)

The ar~IYsis of" t.he Error f"unct.ion of" a dependent. variable is rela-
~ivel':::l~.imple~ so it. is included in t.his sect.ion. Program 11-7 is t.he
FORTRAN implement.at.ion of" Eq.C62J below f"or t.he sequent.ial dif"f"erent.ia-
t.ion of' t.he Er'r'or'f"unct.ioner·f"(~) l..' iU.., ~ = sin (a::<:>• Th is pr'oslr'am i~.
onlY slight.l':::lmore complicat.ed t.han Proslram 11-6.

PROGRAf\l I1-7. The Er'r'or'Furtct.ion ~ er·f"(':::l)~,Iit.h ':::l= ~.in (a>~)•
----------------------------------------------
SUBROUTINE ERFY(X0~H~A~ERF)DH1ENSION ERF( 100) ~F(100) ..1.)( 100) ~V( 100)

C
r: ~<0 = INITIAL IJALUEC H = INCREMENTC A = COEFFICIENT
C

CC USE EQ.(55J TO EUALUATE THE ERROR FUNCTION. FOR THIS EUALUATION~ THEC ONLY NON-ZERO ELEMENT IN THE V-SERIES IS V(3)
C '/(1) = SIN(A*~<0)U3 = - '1(1)*'1(1)

F{ 1" = 1.
ERF'~1) = Y( 1)DO 100 I=3~100~2ZI = I - 1
IV = I - 2F(I) = F(IY)*U3*2./ZI100 ERF(1) = ERF(1) + F(I:>*Y(l)/I

f'
C BEGIt-lTHE EUALUATION OF THE DERIt'ATIUES OF THE ERF~OR FUNCTION ..C USING EQ.C62J WITH EQ.(63J AND EQ.C64l.
C U(l) = - '1(1)*'1(1)F(l) = EXP(U(1»'/(2) = A*H*COS(A*X0)DO 200 1=2 ..991A = I + 11Z = I - 1U(I) = - ATS(I~Y~Y~l)Y(IA) = ASQ*HSQ*Y(IZ)/(I*IZ)F(I) = ATT(IZ~F)U~1)

2(1(1 Er;~F(I) = C*ATT( IZ ..F ~V ~ 1)
CC THE ERF-ARRAY CONTAINS THE FIRST ONE HUNDRED TERMS OF THE TAYLORC SERIES FOR THE ERROR FUNCTION~ ERF(Y) WITHY = SIN(AX).
C F::ETUF~HEt-lD

----------------------------------------------
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Gi~}enerr(~) wi~h ~ = ~(x)~ ~he equa~ions rrom Eq.(49] ~o Eq.(55]

r-emai n va 1i d wi'lh t.he r'ep 1acemen'l of' all 'lhe >.:.-~. b~ V'-s , BL~t...Eq. [56]

is r'ep 1aced b~

d d d~ .-
er'f'(~) = er'f'(~)*-- = Otef'(~)*~

dx d~ dx

In t,et··m~.of" t-'educed derilJa~ives E-ct.(61] is

[61)

ERF (2) ERF (M+l) = C*ATT(M,F,V,l) .
x

(62]

Equa~ion(62) is 'lo replace Eq.(57]. The auxiliar~ f'unc~~on v(~):= -~**2
is ~.equent.iall'::l dif·'ferent.iat.ed wi~h re~.F·ec·'lt.o x a~· f'c,llm,Js.

and (63]

Equat. ion [63] is 'lCI r'ep 1ace Eq. (58] • The sequent. i aId i f'f'er·ent. i a~ i on of'

t.he f·unct.ion r(>~) = e>~p(I"") was :5Ii'...•en in Eq. (25).

and F(M+l) = ATT(M,F,U~l) • [64]

Equ.at.ion(64] is ~C, r'eplace Eq. (6e].

Thi·;; comF·let.es U-,e discussion or t..he anal·=,~.is 'for' 'lhe di f·f·et-·ent.ia-

t.. ion c,t" t.he Er-r-or- t"unct.i on.

The Sine-In~e:5lral

The 5ine i n~eSlr'a1 is d i ~.cussed her'e because it.. i sa we11 ~·.nc'I.,lnhi :5Ih-

er· tx'an~.cenden~al f·unc·t.ion ~hat. has been widel~ s~udied and t.abu l at.ecl,
It. 1':· a ,jef'ini t.e int.e:5lr·al

(>~ ~.in(p) 1"-'",~,
si (::-~)= I ------ dF' = I s(p) dF' (65]I , .'

) F' )
€I €I

l,lhet-'eF' t s ~he dumm'::l int.e:5lr·at.ic,n var'iable and s,(p) = ~.in(F·).""F'. JL~~.t~a~.

in ~he case wi~h ~he Error 'func~ion~ we def'ine

(
r(p):= ; s(p) dp •

)
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Then, Lhe Sine in~eSral can be wriL~en as

si(x) = r(x) - r(0) • (66]

Next., we expand a Ta~lor series ~or r(p) abou~ Lhe poin~ p=0 wi~h an

incr·ement. of" x, This is unconven~ional but. necessar~ ~or obt.ainin:sl

= r'(0) +
d r(0)
------*}~

dp

2 2d r(0) x
+ ------*---- +2 2!

dF'

+ ••• • [67]
3 3d r(0) x------*----3 3~
dF'

Hence,

0€1
r(x) - r(0) = sum. R (i) ,

i=2 p
[68]

,.••i Lh x bein:sl ~he increment. in P. The '5.ubscr·iF·t."F·II on ~he R-at··r·a~i '5.t.o
indica~e dif·f·et··en~iat.ion wit.h r·espect. t.o P. The Sine in~esr'al is

a0
si(x) = sum. R <i)

i=2 F'
(69]

5 inC'e r- (p ) i '5.~he i n~esr'a1 o~ ·i.(F'), t.he r'educed der- i 1,.lat.i I,Je'5·t" i t.h r·e'5.F·ec~

t.o p of' r- (~) ar'e s i ven in t.erms of" r'educ'ed der' i 'Jat.i ve'5. t•.•i t.h r·e'5.F·ect,t.CIF'

of' '5.(t.) b~

x >~
R (2) = 5 (1) , R (n) = S (n-1) -----
F' F: 1 p F' n-1

In t,er'm·i.of r'educed der- i va~i ves of" s(~) wit.h resF·ect. t.CIF'.,

[70]

00 x= sum. 5 (i)---
i=1 p i

[71]

Wehave i:slnored conversence quest.ions here because ~he Sine in~e:slr'al has

an e·:,·:.ent..ial '5.in9ular·i t.~ at. in~ini t.~.

The f'i r-s.t, der·i'-.laLi'-Jeo~ si (:><) wi t.h r·esF·ect. f..o ~< (u'5.in:sl E<=!.[70]) is

d 00 d 00
":.i (>~) = sum. R (i) = ·;:.um.S(i) = s.(>,) . (72]

dx i=2 dx p i=1 F'
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h
51(2) = 5 (1)--- ~

x !

h
and SI (m) = S (m-!)-----

x x m-l (73]

E=iuat.ion[ 73] i s' s i milar' to Eq. [57 J f'or' the Er-r-or-f'LJnct.i on, To f'acili-

t,at,e t,he e'...'aluation of' t,he r-educed der'i'.)athJes elf t,he Sine int.est"·al.. lo.!e

defi ne an auxiIi ar'':::!f'LJrlcti on lo.!(>~) = 'S,i n(>~)• Then., the r'edLKed det-·i ',.1a-

t.1'...••2S of" l,1(x) wi U-. r'es.pect to x at >~=awi t.h i ncr'ement, h at-'e

Wei) = sin(a). W(Z) = cos(a):t:h.

Z
l~l(m-2):t:h

and !.J(m) = f·ot-·n :> 2. [74]
(m-1)(m-Z)

For' t.he el.)aluation of' S·'s, in E·=!.(71]. IoJeneed the r'educed der,hJat.h,tes of'
W(F') = sin(p) wit.h respect to p at. p=0 with increment a. The':::!ar'e

we!) = 0. W(Z) = a •

.-,.•..
W(m-Z):t:a

and lIJ(m) = f'or- ft. :> 2. [75]
(m-1)(m-Z)

I.J(! ) W(Z) - S(1):t:h
5(1) = S(Z) = -------------a a

l~l(m) - S(m-1):t:h
.:;gnd SCm) = --------------- f'clr' -m ;. 1. (76J

,a

The funct, i on ts SI i I·)enb'::J

[77]

Since t.he r'edLJCedder·i',.'at.il.Jes ar'e to be el.JalLJat.edat. F·=(1. t.his expt"·es·-

s ion is fl'1I?,aninsles.-:,a-:. it, st,ands.• The deri'.)at.i'.)e'S. lo.!it.ht-·espect. t.o p of'

t.he f~nctions in Eq.[77J lead to

S (2):t:p + S (!)*a = W (2) ,
F' p P

[78]


