13

PROGRAM I1I-1. The ATS Function.

FUMCTION ATSOM.ALBL IO

IS THE CORDER OF THE SUMMATION. JUST AS IM EQ.C111.
l—;i AHD B ARE THE TWO IMPUT TAYLOR SERIES FOR THE TWO UARIABLES

Ryluivinisie

IS -THE IHDEX OF THE ELEMENT OF THE A-ARPRAY WHERE THE SUM BEGIH—‘.
THIS ALLOWS THE SuUM TO BEGIN AT I=J RATHER THAMW I=1.
E_‘I_f‘_EH:hIUH AL BOLD
Hix
IFCI.GT.M) RETURH
MR = M +
DO 188 I=J. M
L = NH - 1

188 /TS ATS + ATl R
F’ET' |F'H P
EHD ‘ [~k

I & FORTRAM erogram using the ATS function. Es 113 wauld be witten s
Fify = ATSOML LWL 10 . r1z1

Lzter in thizs book. all  the exrressicons for the modified Leibmitz rule
will be written in the form of E=a.0121 rather than Ex.0113.

In the casze of diuiaion orFeratiorn. use of the moditied Leibnitz rule
iz onlw =lightly more comrlicated than the above. Comsider the auctient
funn o= oudaoul=d. To resolue  this function. we multirls both  sides bw
wix) and  Fimd the  product w0 = odu), Then. we can wite the

der-ivatives as follows

T )
WoLeFdmd + sum. WOid Flm—i+ld = Uimo . L1333
B S . .

a3 simrle solution for Fimdy 2ields

1]
Wimy - Eum. Woid Fim—i+12
i=
Frms = —— - - . ) C143
wils

Eaustionll14] can be used to ewvaluste Flimd because théllower—index terms
of Fuip—i+12 a3 well as Wn) and Wn  are brnown from previous arrlica—
tiome of thiz recursive relation. Thiz is the essence of automatic se—
auertizl differertistion. In 3 FORTRAM rrogeam using the ATS functicon.
Ea. 0141 would be witien as



14
FuMy = UMDY — ATSMLWLFL 2001010 [1%3

The abtcwe exprecsicon shows the reasorn whe the ATS furction suberodram is
writbter with the extra inde: of ., which allowse for the sum  to bedin
from =ome other term tham  the first term. We will show the imFrortance
of the J-index im the discussion on indeterminart forms and L“Hozrital

Fale.,

The =auare root of & function carn be differentiated usingd an aF-
1.

he division coreration. We must recognize the analwz-

rroach =imilar Lo
able exprescsicn to be Foxd#f i) = wulwd, instead of fixd = ol beel 2,

Ther. the m—th deriuvatiuve cam be written as

m—1
2FC12Fmd 4 sum. FOLMF{m—i+12 = WWmy f1c]
i=2
Solwing Es. 0181 for Foim). we obblain
» o "'—1 P . . o
Wem» — sum. FOidx«F{rm—i+1D
Fimy = - . [173

2 Fil

Eauaticonl17] can be used to find the reduced deriuvatives of the zauare—
rocgt. Tumchtion because all the lowesr—index terms of FOid, Fim—i+12,  and
md are Roown frah previous aFrrlications of this recursive relation.

FORTRAM rFrogram using the ATS funchtion. FORTRAN statemerts needed

In =
to pertform Ea.[171 are

FeMy = @, . | |
FiMd = 20M) = ATSOMLFLFL 200002, %F (1) . | [123

The =statement "FOM) = 6. is reeded because the sum within the ATS func-—

-

3
Aor mluz=s runs from the inde:x 0 to  the index m. I this rarticular
F

MY is wrbmowrn on the right-hand side.

T

g}

Simele Inrlicit Functicons

A zecond imPrartart. function suberogram for the automatic differenti-
atiorn of analwtic functiorms ise  the ATT function., It iz dewelorsed from
t

M reed to ditferentizte the product of & function armd to differertiate




z functicorn of another function. Comsider the exanrle i) = expidal,

where 9 = sindax). From calculus. the firet deriuvative is

fffx} = ENFdE) g’ix} . [291
In termz of the reduced deriwvatives. Ea.[20] iz witten as

Fizy = eﬁpta)*?(Zb = F{ly#i2n0 | - fR13

From this roint. there are two different aprrcaches Lo the evaluastion of
the higher—order derivatives. The first arrroach i=s Lo define btuwo new

var-iables

Gloyi= Fi2doH o and Z01di= W{2b0-H . L2231

The onlw purFose of defining these two wariables iz to addust E«.021] to

Fawe the samse form as the modified Leibrmites rule. Ea.011l. thus.

FllaeZald o

Ge1d
and GiMY = ATSIMLF.Z.10 . | [23]
or cowrse. it ahauld_be roted that the shift in  index from the F-arras

to the Gearraw and from the Y-arras to the Z-arraw is carried throughboot

all the indices of the Tawlor series terms

Gupy = FﬁN+1}*HfH + and ZCM3 o= WOMELwpLH . [243
The second aFproach to the automatic differerntiaticn of this function is
to find the higher—order deriuvatives bw a small moditication of Leibmitz
rule. The deriuvatiuves with resrect to = of the functions rerresented ba

terms in Eq.0211 zre Found to be

2HFLEY = 2P OLEYISD 4+ FU20NV{20 .

-
and R im+1d = 5uT. Cr=141 2F 01 Db im—-1i42) . 251
1= E .

Equationl2S] has been Qritten irto & small FORTREAM furnction subrrodrsm
called the ATT function.



PROGRAM II-Z. The ATT Functiaon.

FUHCTION ATTCMLALB.ID

c
C M IZ THE ORDER_OF THE SUMMATION.
C A AND B ARE THE TWO INPUT TAVLOR SERIES FOR THE THE UARIABLES.
C .J IS5 THE INDEX OF THE ELEMENT OF THE A-ARRAY WHERE THE SUM BEGINS.
C THIS ALLOWS THE 5UM TGO BEGIM AT I=J RATHER THARM I=1.
u
DIMEMSION AC13.BY LD
ATT = 8.
IFCI.GT.MY RETURN
e =M+ 2
DO 1a@ I=J.M
L=MA -1
AL = L = 1 e
1898 ATT = ATT + ACIBCLYwAL .
ATT = ATT-M A g -t
RETURN i
MLy : MaL "

the Lterm "#ALY  in the suberogram  asbove is Yw{p—-i+10"  in Es. 0253, The
divisiorn B MY Just before "RETURN" i the subrerograsm 1 vreauired b

Rl

the “*M” on the leftharnd side of Ea.[25]. Im a FORTRAH rragram. Es.[25]

wouald be wreittern as

MA =M+ 1
FiMAY = ATTMLF. Y. 1) . . [281

These Tunchtion subrrodrams. ATS and ATT. are the foundation stones
for the automatic seauential differentiation of all asnalwtic functions.
The reader will find in Arrendix A all the recursive formulas for  a3ll

commonly used analwtic functions. The formulae are witten in FORTRAM.

SUBROUTINE EXPYCH, H AL, F)
DIMENSION Fr1@@).y:1isa)
INITIAL UALUE

IHCREMEMT
COEFFICIENT

LNE)
-‘{n

Cr el
I
i



v

The abowe ie a short subroutine for evalusting the Tawlor series terms
for the function ix) = expix), with v = sirfax). This small FORTRAN
subrFt-odram can be inserted irmto amw program where all the Tagwlor Lerme

of thiz rarticular furctiom is desired.

Mext., we will analzlze the automatic differerntizticon of the Tunction

sy = 1nde)., where 9 = sintaxi. The first deriwvative of thiszs furcticon

. ”, H
) = ==, s
u
In terme of reduced derivatives. Esa.L27] becomes
Fiozad = 20010 50 ar WOlaxFQOZ) = YWiZy 28]
The hisher-order deriuatiues are then found to be
2P 0RFCEY 4+ ’“}#Ff”J = ZFHMIZ)
K - g rr - : - B - . - . . -
and VL kP im+1) + um. Cin—1H1 0V T P (1420 = meeim+ld . [291
i=2
Soluwing E|.0223 for fim+ld, we have
" n" . ., , . » . -
YOl Y = sum. (m— i+ 1Y O DHE (120
: i=2
Fim+l> = . [3a1

R I L 1 7

SUBROUTINE LHEYCRL.H.ACFD
_ DIMEHSION Foleds . Yoled)
i
[ o= INITIAL URLLUE
C H = INCREMENT
g A = COEFFICIENMT
HSE = A+H
HZE = H#+H
Wl o= ST Ak
Fila = HLUG»”!lJ)
YR = FekHsRCOS Ak
Foda = Y2010
Do 18@ I=2,99 -
Ia =1+ 1
12 =1 -1
_RCIAY = - x{JZJ#FHtFwHkHw'I*I‘.
lae FOIARD = OWCIAY - ATTCINY, 233010
FETLIRN
EHi:

A s=mzall segment of a3 FORTRAN rrogdram is dgiven above for the euvaluation




of the Taglor series termsz of this function. Hobe that the ATT-function
index: 4 bedins at. 2 in this examrle Just as it did in the sauare root of
& furnction. Thus. the index J does rneed to be other tharn ome st Limes.
e will examirne thiz more closelw in the discussicon on indeterminascies

in a later szectiom.

Az 3 firnal examele in thiz cectionm on the automatic differentiztion
of zimFle functions and crerations, comsider the function Fixs = kg,

with w = sintax)., The firet derivative of this furnctiorn is diven bw

. w1 = o dw o T
T oixy = u + o Intsd —— = filndwl——— + Iniedww | . [Z13
22 o 2
Imn terms of reduced derivatives., Ea.l031] becomes
Fi2hy = Fllﬁkuf“\ B
where 2= ?-1\#w“”* + W20y . : zz

The W-functiorn irn E9.0323 iz the natural lodarithm furmcticorm. wi=d=1nd«l,
and its recursive relation was diven in Ea.09%] abowe. This recodnition
iz imeortant in this analusis. In the ATS method. since ome iz concern-—
ed with recurzive relations, it is imPrortant to recodnize other recur-
AR rplationc within thu lavr-der problems. The higher—order terme Tor

T dre fourd to be

mkFim+l) = cu?. Vi1 3F L deuim—-i42)
1...

m
and imy = ~_§.ur1n o UL m—-14+1) . [33
1 b4

The FORTRAN rrogram for the evaluastion of the Tavlor series terms of the

Ffuncticr Fix) = weku, where 9 = sinmtax) is diven in Program II-3.

This comrletes the discussiorm concerning the automatic seauentisl
differermtiztion of simrle functions and orerations. The reader shauld
look, at Arrendix A for 3 comrlete list of recursive relations Twritten
in FORTREAM) for 211 the commonls used anslgtic functioms and some diffi-

ctlt Tunctiorns.



2inlaxd
FROGRAM I1I-3. Differentiation of fix) = .

SUBROUTIMNE HPSIMNKOX.H.R.F2 '
DIMENSION V{181, Fo1@@), Ud1eed . Z0161)

o
C ¥ = INITIAL URLUE
c H = INCREMENT
C A = COEFFICIENMT
LI
ASH = FeA
HEG = HaH .
il S 1’ = SIHY H*?": 2
=iy = ALOGORD
Fiila = XuekWI1D
WoZh = ARHECOSOH f““ 3
Z5E) = HoR
Doy 18@ I=2.99
Ir=1+1
ic=1-1
U‘;‘Iz) = ATSVIZ Y. 2.1
’I_‘_.l = H{TTY I:..'F +12
WITHD = — ASGHHSCHYL 1201 T IZ)
168 ZCIAY = — HeIZ#Z0 1D 0m+1 )
RETURN
EHD

BE. S& quentldl leferentxat1on of Comrlicated Furnctiore.

e hedirn this sectior by anmalwzing the differentiation of the Beszel

functicr of the firset kind. J ©x). The autcmatic differertiaticn of the
I :

Migher transcendertal functions {zuch as the Beesel function? is ocbtairn—

ed through the differential esuation that denerates the rarticular func-

tiorn. Besszel’s eauation is

b
2dT df 2 2
¥ oke——— A wpk—— 4 (=~ 2% =@, : {3413
2 u ¥4
o .

There are at least two different wavws to obtain the Tavwlor seriec terms
for- the Bessel function. The first method uses the intraductian of many
suxiliarw functions and solues the eroblem bw brute force., called the
direct method. The secornd method irwcluves the hand-differentiation of
Bezzel s equation ur to  the fourth derivative of 9 with resrect to .
Thiz indirect method wields 3 recursive relation that reauires bath lecs
stor-ade srace and comFutation time tharn the direct method. Bolh methods

will be discussed 1in turn.



Eeczel Function <{Direct Method)

e defire three auxiliars variables

v
_ .
2 ) df
TUAT= oW, )iz —— o and wKdis —e—— , [3E5]
dx 2
dx

The rmext. ster iz to find the recursive relations for each of these furc—
ticrs a2 well as the recursive relatiome for- x and . The recursive

relation for » is diven bw

Wil = oo, WPy =k, and ¥id> =@ , for i1 > 2 . £3el]

The recursive relation for zix) = k2 1e diven bw

TO1D = week2 . ZEDD = Dasckh , ZE3) = bekkZ

ard ELid =8 ., for i > 3. Lsv
The WU-ariraw  and W-arras are related to the F-arraw bw the relations
diven below.

' i i®{i+1D
Wi = Fli+lik——— , and Wiid = Fli+2)—————m . {381
a] ek

Eauationl3I3] shows that the twoe auxiliarws functions v arnd w have arrads
that are simelg shifted by one and twe indices. resrectivelw from the F-
arrad. The factors= 1 and (i+1) must be inmcluded because the factorials

are included in the reduced derivatives, so are the factoars h arnd hekh.

In termc of reduced derivatives. ES.[34]1 becomes

-
Sl 4+ WD) + Z010wFI1) - mo #FCL) = 6, [391

The k-th deriuvative of the exrression rerresented bw Ea.[331 iz given b

23 b,
S0+ sum. ZU1wWIk-1+1) + sum. KOlowik-i41) +
i=2 1=1

k. 2 :
+ iuT. ZC1dkFCh—~i41) — o #FkDd> = @ . (48]
1=



Eauationi46l can be solwed fTor the urbrnown Wik) as

WCED = (FCRD#N&N ~ ATSORL 2, W20 — ATSCKL XK., 1) —

- ATSCK.Z.F, 10222410 . [411]

FROGRAM I1-4. Bessel Functicon Derivatiwves (Direct Method).

SUBROUT INE BESJIDIN, B, F
DIMENSION Xd1@@) . Fllaad
FEAL ™

DATAR Z-16a@+a, ~

=g = ITIAL UALUE FOR x.
Fa = ITIAL UALUE FOR THE BESSEL FUNCTIOM AT =@.
DF = IMITIAL SLOPE FOR THE BESSEL FUNCTION AT -@.
M= ?PDEP OF THE BESSEL FUNCTION.

2DF.H.FD
16865 . 01065 , Wi 168>

CI e 0

D

THE AEOUVE ARE NECESSARY INITIALIZATION STATEMENTS.

= FUZosH -
68 k=3,100

CIe

5.‘- . . v
CECEN NS — ATSORN, Z. W20 — ATSCRY . K., 10 —

N ZaFa100-201 )

THE FAEOUE STATEMEMT IS5 EG.[4113.

LIkl = Wk DMy
10 FORy = UEZ M. +Z

THE F~AREARY CONTAINS THE FIRST ONE HUMDRED TERMS OF THE TAVLOR SERIES
FOR THE BESSEL FUNCTIONM.

RETURN
EHD

LS o

I
I
I
-
i.:l_'l
"" II

lulelatyl

Frcodean 11—4.15 the FORTRAW rrodiram for the evaluation of the Taslor

zerisz: terms for the Bessel function according to Ea.[413. Since this

it
|[|

recursive relation was deriwed from a second-order differential eaua—
tior. twx indtial wvalues are needed. Thew are the wvalues of T and df - dy
at w=xH, ’



Bezzel Function {Irndirect Method)

We will next discusse the indirect method for the same task. This is
more efficient.. This solution of Bessel’'s equalticn reauires mare work
oan the rart  of the analwst-rFrogrammer. but the result is efficient in
comFuter storade srace and comrutatiorn time. Ue rewrite Bessel s squa—
tiom in terms of reduced deriuvatives with z{x) diven ir Ea.[371. The

result is

2wl 1 ' 2
Eiib*F(BD*——; + KOIIHF (2 ke 4 1LY - M O FC1Y) = & {423
“Z . i
Fi

The factore "C2Z%12-bk2” and "1-0" in the first two terme are rneeded
becauze the reduced derivatives contain factorial functions and rFowers
of k. We differertiste. rereatedls with respect to = functions rerre-—
sented bw the terms in Ea.[42]. After the second differentiation. the
Peaultins expteccicr becomes the dereral recursive relation because Z04)
iz rero. Thern. we  can soluve for Fhe urkmown in the gsrneral recursiuve

relation and comrlete the aralssis.

The urbknown in Eé.[42] ie FL3d., The colutiorn of which is

2
, -, o’ -~ r.' -’ * ,—| e 2 2 - b
Fi3» = - F{2) === — F{12 L S p I {431
ey s

Mext, the firset derivative with resrect to » of the functiorns rerresent-

ed tra the terms in Es. (427 wields.

w2 21 z

R prd ’
EXIDHF I e o FUZDRF R e+ R DRI D e+ WU 20—+
v = =2 h t
h 1]

-

+ ZC10F(2) + Z(20%F{1) - né*FiZ} =& . [44]

Salwing E9.[44] for Fid4). we obtain

- h - .
Fid) = = FE3dmms = FL2=—==tx +1on') = F{l>=z== . o [451

» Bt
. >~

[=r




-y
g

The second derivatives with resrect to x of the functions rerrecented by

the terms in E|.l42]1 vields the exFrescion

| 43 3 e . 3
ZULOHFLEd——= + ZOZIHFI)——— + Z(3DHF(ID——= + K{1I#F dd——— +
2 2 2 » }
o] v g} h
- 2
+ BUZ2IHFCT0——— + ZOL0HF(3Y + ZO204F(Zy 4+
ks
2
+ ZO30#F(1) - #F 30 = @ . L4483
Secluing Es.f48] for FUS), we obtain
_ 2 N : 3 - 4
_3h  h 2 Z _2h h -
Figry = - Fid)—— — Fi{3)————x +4—1 > — FiZ)——— - F{1D———— . [471
: C S 2 12 2
125 v 12w

Eauasticnld47] is the general recursive relation for the Bescel furncticon.

Wher writtern for the k—-th Tawlor series term. Eg.(47] becomes

-

2= h h 2 2
Fihy = = Fikm1D=mmosss = Fohe2) =i +He=3-n ) -
s =10 (=25
_ 3 4
2 h o o :
— Fik=3) - Fih—a) = . for k > 4. [48]

k= k-2 00 2.
=130k =200 -

The case »=8 iz rarticularly simrle and will be digscussed later in the

secticn an L 'Hosrital rule.

Fraogeam II-2 iz the FORTRAN erost-am for the evaluation of the Taslor
zetr-ies terme Tor the Bessel function accordimg to Eg.l483. The Becsel
function of a derendent variable., J (9 with w=w2{x), will be anzlwzed in

[ 5]
the sectiorm onm imrlicit comelex fTunctions.




FROGRAM TI-5. Beaéel Function Deriwvatives {Indirect Method).

SUBROUT INE_BESJIMCN, <@, F@8, DF. H. F)
DIMENSION F{188)
FEAL N :

[
C w@ = INITIAL UALUE FOR }
c FG = INITIAL UALUE FOR THE BESSEL FUNCTION AT x@.
C DF = INITIAL SLOFE FOR THE BESSEL FUNCTIOM AT ¥@.
C H = ORDER OF THE BESSEL FUNCTION.
f: H = INCREMENT
' MSG = Mok
HEG = H#H
A = HoxE
E = H+A-X0
o= 2. «HS0H#A
O = HSQ:+ASR
G = HB«HA - NSE - 6.
Fily = F@
) FE2h = HkDF
[N
E THE RECOUE ARE MECESSARY IMITIALIZATION STATEMENTS.
é Fi3y = - Fi2oswz, #f — Folr#Bs(G+5, ) 2.
g THE ABOVE STATEMENT 15 EGQ.C433.
- Fid) = — Fi3d)#A — FOIIRBRIGHT. 2/6. ~ FL10%Cr6.
.
E THE ABOUE STATEMEMT 15 EG.[45].
' DO 186 K=5.108
K2 = K — 1
Kig = £ - 2
e o= K - 3
Fid = € - &
FE. = 2#K — 5
G = Twk + G
RiE = KKy

186 FokD = — CFOEZMPR#ARKC + FORKYIRBRGE + FORHI*C + F'Kb)*D‘ Rk
THE ABOVE STATEMEMT 1S5 E@.[481.

THE F-AREAY CONTRINS THE FIRST OME HUNDRED TERMS OF THE TAYLOR SERIES
FOR THE BESSEL . FUNMCTIOM.

FETURN
EHD

CICHTI )

The Error Functior. erf{x)

The Error functiorn is rerhars orne of the better known "higher trans—
cendental” functions. It is defined as =z definite intesral
2 2

2 {8
erfin) = —22 ) expi—t ) dt. = ——$sP

- 3 OFdty dt o, [493
Fi a Pi a

where TIL) = expi{-t+x2), and Fri1 = J.1416... . The seqauertizl differer—

tiaticon of erfix) caf be abtaimed by the followind analwsis., Define



ditas= ity dbt o

"

Thern the Error functiorm can be witten as

2
ety = oee—— {gix) — @Y . [se]

e

Fi

Next, we exrarnd a Tavlor series o git) about the roint =@ with an
increwernt of x. This is uncorwventional but necessarw in order Lo cbiain

H{x? below.

) 2 2 3 3
d gia d #@y = d a8
gixy = g98) 4 —————— *y + A + S T [s11
dt. z 21 z 3!
dat. ot
Hence .
» . ea _ ,
) = @ = sum. Gt(1) , A £521
1=

with » being the increment inm t. The subscrirt "t" on the G-arraw iz to
indicate that the reduced derivatives are takern with resrect to L. This
is nececsarwy because we have in this analysis reduced derivatives taken

both with resrect to x and with resrect to t. Cortinuing, erfosy iz

z  @e , B .

erfix) = ————=  cum. G T12 . R
- Y2 i=2 t : _
Fi

Simce gdt) is the intedral of f{t). the reduced deriuvatives with resrect
to t of aAt) are diven in terms of reduced derivatiuves with respect to t

of TOL2 in a simFle manner.

G 12y = F (=== . G {nd = F {r—1)-—==- - [543
t. t. 1 t t. ri—1
In terms of the reduced derivatives of fiL) with resrFrect to L.
. s oa oM o
erfixd) = ————— sum. F {id——— , [551
12 i=1 t i




28

In the above develormernt. we have ignored corserdence auestions because
the error Tunction hae an escential sinsularite at infinitw. The mearn—
ingd of this fFact will be made clear i Chapter III.

The firet derivative of erfix) with respect to » fusind Ea.[S41r iz

diver bed

d d ea o
— erfix) = C sum. —— G {id = C sum. F (i) = Ckf{xd [5e1
it i=2 dx t i=1

whetre C = 210122, Thern, the reduced deriwvatives with resrect Lo o
of erfix)d are diven b

BT

» 52 m—1

® S

ERF €23 = C=¥F“*£1)-4;-l— . ERF md = C#F (m—1)-———v .

We have reduced the éomélicated rroblem of evalusting the deriwvatives of
erfix) to the much simrler rroblem of evaluating the derivatives of the

exromenrtial functions, expl—ekk2) and expl—tsk2),

In crder to evaluaste the derivatives of the Error functicn. we de—
firme an auxiliarg functiorn, wixd)is —pkkZ aleo witlii= -k, Then

- ’ -
- * oy - - - P .
WLy = = @ o W2) = =2zkh . W3 = -h , and W4 =@ . {sa]

where wixd ie beind expanded with resrect to x about the roint ==z with
irctemert. b, For the evaluaticon of the F-arraw in Ea.[ﬁﬁ], we meed the
reduced derivatives of wit) with resrect to t at the roint =8 with an

incremernt of 3. Thew are

]

iy =38 . W2y =8, W3 = -3 5, oand W4 =6, [S3]
The esauentizxl differemtiation of the furnctionm fixd = ewpiu) has
beer anzslazed with  the result diven 1in Ea.[25]1 above. However, since

gy = @ 3z well sz 311 higher-index terme of the U-arrag. we can wite

Fild = expdU01d) . Fi2) = F{lowiiz) .

T
D
Ld

a&nid Flmawlm—12 = Flm—20#00E0%2 + Fim-12#020%1 o form > 1 . [



)
Hy

Eaustionled] cam be used to find the reduced derivatives of both 0
and Ttr. Thoze of fix) are needed in Ea.[S7 and those of Ut are
nesded i Eq. L3551, The reduced deriwvatives of wix) with resrect to =
and of wit) with resrect to t are diven in Ea.[5381 and EL.05%]. resrec-

tivelw.

PROGRAM I11-&. Differentiation of the Ertor Functiorn. erfisx).

SUBROUT INE ERFXxA. H ERF )
DIMENSION ERFC106).FC168)

C |
C @ = INITIAL WALUE
¢ H = INCREMENT
C C = 2. SERT3. 14 16XMMEMNINND
€ USE Ef.[SS1_TO EMALUATE THE_ERROR_FUNCTIOM. FOR THIS EUALUATION. THE
€ 7 OWCY HON-ZERO ELEMENT IN THE L-SERIES IS5 UC3)
' UT = - HE#HB
Fity = 1.
ERFC1) = Fr1dwie
Fizy = @.
ERF{1) = ERFi1d + FL2)#X@-2.
OO 180 I=3, 1068
1 =1-1
Iv =1 -2
Fily = FrIv)w3uz. ~Z1
188 ERFULY = ERFLLD + FrIdwxesl
i
C THE ABOUE_PORTION OF THE PROGRAM IS THE IMPLEMENTATION OF EG.[551.
C ALTHOUGH THE EUEN-TERMS OF THE F-SERIES ARE ZERO. THE PROGRAM 15
C WRITTEM IN FULL FOR THE SAKE OF CLARITY. AND UNDERSTAMDING.
i
¢ EEGIM THE EVALUATION OF THE DERTUATIVES OF THE ERROR FUNCTION,
C  USING EQ.TS71 IN CONJUNCTION WITH EG. (581 AND EG. (62l
' Ul = = M@wxe
UZ = — 2, wieH
U3 = ~ Hed
Fi1y = EMPCUIL)
ERFiZ) = TCHFC 1M
Fizd = Frlow)
DO Ze@ 1=3.9%
mzilt
Fily = cF{IVIMUSHI, + FOIZdU2) 1T
. 266 ERFED) = CHFEIDWH 12
T THE ERF-ARREY_CONTAINS THE FIRST ONE HUNDRED TERMS OF THE TAVLOR
C  SERIES FOR THE ERROR FUNCTION. ERF(X).
L
RETURH
EHD

Frodgream II1-6 can he used to find all the Tavlor series terms for the
error function. erfixl. Sequential differentiation of the ervror furnc-—

ticw iz obbtairned from Eq.ESFJ in condunction with Eaq.[S581 and Eq.[(861]1.



b3
o0

The Ervor Function. erf (a2

The analwsie of the Error function of a derendent wariable is rela-
tivelw simrle. so it ie included in this section. Program II-7 is the
FORTRAN imrlemerntation of Ea.[62] below for the seqauential differertia—
ticm of the Error function erfiw) with v = sinda«d. This Frogram is

onle slightla more comrlicated tham Program 11-o.

PROGREM II-V. The Error Furnctior, erfiw) with @ = sindaxd.

SUBROUTINE ERFY{XA.H.
DIMENSION ERF{1862.FY

w8 = IMITIAL MALUE

H = IHCREMENT

A = COEFFICIENT

H%H

kA )

2. SSOARTES. 14 16KKKIHIIIIN)

USE ER.[5S1 TO EVALUATE THE_ERROR _FUNCTION. FOR THIS EUALUATION. THE
OMLY HON-ZERO ELEMENT INM THE W-SERIES IS5 WU{3D
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EVALUATICN OF THE DERIVATIVES OF THE ERFOR FUMCTIOM.
. 0621 WITH EQ.[E31 AND EG.[e4].
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288 EPF'

THE ERF-ARRAY _CONTAINS THE FIRST OME HUNDRED TEPN; oF THE TAVLOR
SERIES FOR THE ERROR FUMCTION. ERF<Y) WITH % = SINCAKD

FETURH
END
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Givern erfiw) with w9 = 9ix), the eauations from Eqg.043]1 to Ea.L551
remain valid with the rerlacemert of all the = by %’s. But. Ea.[56]

iz rerlaced by

d ] d dw <
— eprfig) = —— eprfiudk— = Ckf{uadika [a1l
i s fu i :

In terme of Peduced'dériuatiuea Ex.[6ll i=

ERF 2> = C*F‘(1)$V-(2) « ERF (M#1) = C#ATTMLF.Y. 10 . {2l

> 2 > >

Eausticnlez2l iz to rerlace Ea.[S71. The auxiliarw function wigdi= —wkkld

iz seauentialle differentiated with resrect to x as follows.
WLy = = Y011y o and WMD) = - ATSOMLYLWL 10 . [&3l

Eauationlé3l iz to rerlace Eq.[58]1. The sesuentizl differentiation of
the function ) = expliu) wae diven in Ea.[25].

Fily = ERPOILIY o F{20 = F{lodiZ2)
and Fipl+ly = ATTOMLF.UL 1D . [=4]
Equationl{éd4] iz to rerlace Ex.[&@].

Thiz comrletes the discussion of the analwsiz for the differentis—

ticrn of the Ertor funchtion.

The Sine—-Integral

The Sime intedral is discussed here because it ic 3 well krown high—
er btranscendertal furmction that has been widely studied and tabulated.
It iz 3 definite intesrzl

5
slp) de . [aesl

fL R

where ¢ iz the dummg intedration variable and <) = sindFl-r.  Just as
in the case with the Error function. we define

el

)
ripdi= ) 20F) dF .



Thern, the Sime irntedral cam be witten ss
2idm) = i) - @ : fesl

Hext. we exrand a3 Tadglor serdiez for vir) about the roint =6 with an

incremert of . This is uncorwentional but recescary for obtaining

2 2 3 3
o d rid) d ridd % d <8y )
FEx) = pi) 4 e *3 + ——k + p— + ... . [ay]
dr 2 2! 3 3!
dr dr
Hence.
v 2 , * E‘a ] . -~
xRy = B8 = sum. R OC1) [agl
i=2 F

with =2 beirngd the increment in F. The subscrirt "r" an the R-array is Lo

indicate differentiation with resrect to Fp. The Sine intes-al is

T
)
L

a :
210x) = sum. R <12 . L
="

1= F

Since iR 1e the intedral of sip). the reduced derivatives with respect
.o F of b)Y are given in terms of reduced derivatives with reszrect to B

of 2dt) by

2 >t
R 22y =5 {1y ==, R M =5 {n-1) ——— . [val
F F. 1 F F r—1

In terms of reduced derivatives of s(t) with tresrect. to &,

ag %5
£10x) = eum. 5 (id—— . [vi1l
i= F i

e have ignored corwerdernce auestions here because the Sime intedral has

an essential singularity at infinitu.

The first derivative of =idx) with resrect to ¥ {using Ea.L[7@1) is
diven b
d @6 d oa -,

== 2103 = sum. —— R {i) = sum. S71i) = (x> ., B

w2y i=Z dx g i=1 F
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Thern. the reduced derivatives with resrect Lo . of sidsxd are divern bw

b H
5142y = 5 (1}-;— s and 51 dmd =5 (m~13~——;— . £[¥31
> g k2 m-—

Eguationl?3] ie similar to E|.LS5F]  for the Ervor function, Too facili-
tate the evaluation of the reduced derivatives aof the Sime integral. we
defime am aux<iliarwy function wix) = sind=xd. Ther. the reduced derivs—

tives of wix) with resrect Lo = at x=a with irncremenrnt h zre

Wold = einmcal o o WO2) = cosiadwh,
2
) Wilm—2 3k ]
arcd Wim) = - me———————— ’ for- mo > 2. [741

T dm—=20

For- the euvaluation of 57 in E«.L711, we meed the reduced deriuvatives of

WiE) = 2intrr with resrect to r at =0 with incremert a. Thew are

Wil =8 o W2y = & .
2
o Wim—20%g o _
anrdl Wimy = = =———————— s for m > 2. [751

U1 3 m—-20

The reduced deriwvatives of (=) with resrect to x bt »x=a are

Wild , WiZ2d — S1 sk
Sl = e, SL2) = R
a a

o Woim» = Sdm—1)#h a :
i Simy = : , far--m > 1. [7
&

3

Ty

The reduced deriuvatives of =(F) with resrect tolp are somewhat difficult

Lo evaluate.  The Tunction iz diven by
SIE) = WERISE . OF  SURMERE = WERD) . [771

irnce the reduced derivatives zre to be evaluated at p=6, thie sxpres—

LY

dom 1 meaninglese sz it stande. The derivatives with respect Lo oof

it

the functions in E|.LFP7Y lead to

=i

SOoL2ker + 5 (l)kgy = W 020, ¥al

F F F



